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Abstract 

We study affine operators on a unitary or Euclidean space U up 
to topological conjugacy. An affine operator is a map / : U — > U of 
the form f{x) = Ax + b, in which A : U — > U is a linear operator 
and b G U. Two affine operators / and g are said to be topologically 
conjugate if g = h^ 1 fh for some homeomorphism h : U — > U. 

If an affine operator f(x) = Ax + b has a fixed point, then / is 
topologically conjugate to its linear part A. The problem of classifying 
linear operators up to topological conjugacy was studied by Kuiper 
and Robbin [Topological classification of linear endomorphisms, In- 
vent. Math. 19 (no. 2) (1973) 83-106] and other authors. 

Let / : U — > U be an affine operator without fixed point. We prove 
that / is topologically conjugate to an affine operator g : U — > U such 
that U is an orthogonal direct sum of (^-invariant subspaces V and W, 

• the restriction g\V of g to V is an affine operator that in some 
orthonormal basis of V has the form 

(x 1 ,x 2 , . . . , x n ) i-)- (x x + l,x 2 , . . .,x n -i,ex n ) 

uniquely determined by /, where e = 1 if U is a unitary space, 
e = ±1 if U is a Euclidean space, and n ^ 2 if e = —1, and 

• the restriction g\W of g to W is a linear operator that in some 
orthonormal basis of W is given by a nilpotent Jordan matrix 
uniquely determined by /, up to permutation of blocks. 

AMS classification: 37C15; 15A21 
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1 Introduction 



We consider the problem of classifying affine operators on a unitary or Eu- 
clidean space V up to topological conjugacy. An affine operator f : V — > V is 
a mapping of the form f(x) = Ax + b, where A : V — > V is a linear operator 
and b G V. 

For simplicity, we always take V = F n with F = C or R and the usual 
scalar product, then / : F n — > ¥ n has the form 

f{x) = Ax + b, A G F nxn , b G F n . 

Two affine operators /, g : ¥ n — > F n are said to be conjugate if there is a 
bijection h : F n — > ¥ n that transforms / to g; that is, 

g = h^ x fh (with respect to function composition). (1) 

They are 

(a) linearly conjugate if h in (JTJ) is a linear operator; 

(b) affinely conjugate if /i is an affine operator; 

(c) biregularly conjugate if h is a biregular map, which means that h and 
h^ 1 have the form 

(Xi, . . . ,X n ) H> (V5l(xi, . . . ,X„), . . . , (Pnfa, . . -,X n )), (2) 

in which all tpi are polynomials over F; 

(d) topologically conjugate if h is a homeomorphism, which means that h 
and h~ x are continuous and bijective. 

Conjugations (a)-(c) are topological. Moreover, 

(a) => (b) => (c) =► (d); 

that is, linear conjugacy implies affine conjugacy implies biregular conjugacy 
implies topological conjugacy. 

Let us survey briefly known results on classifying affine operators up to 
conjugations (a)-(d): 
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(a) Each transformation of linear conjugacy with y = Ax + b corresponds 
to a change of the basis in F ra and has the form 

(A, b) h-> (S^AS, S^b), S e ¥ nxn is nonsingular. (3) 

A canonical form of affine operators with respect to these transformations 
is easily constructed: if F = C, then we can take A in the Jordan canonical 
form and reduce b by those transformations ([3]) that preserve A; that is, by 
transformations b i— > S~ x b for which S~ l AS = A. Since S commutes with 
the Jordan matrix A, it has the form described in [HI Section VIII, §1]. 

(b) Each transformation of affine conjugacy corresponds to an affine 
change of the basis in ¥ n . We say that an affine operator x i— > Ax + b is 
nonsingular if its matrix A is nonsingular. Blanc [1] proved that nonsingular 
affine operators x h- > Ax + b and x h-> Cx + d over an algebraically closed 
field of characteristic are affinely conjugate if and only if their matrices A 
and C are similar ■; i.e., S^AS = C for some nonsingular S. 

(c) Blanc [I] also obtained classification of nonsingular affine operators 
over an algebraically closed field K of characteristic up to biregular conju- 
gacy: 

• two nonsingular affine operators over K with fixed points are biregularly 
conjugate if and only if their matrices are similar (p is called a fixed 
point of / if f(p) = p); 

• each nonsingular affine operator / : K n — > K n without fixed point is 
biregularly conjugate to an "almost-diagonal" affine operator 

(Xi, X 2 , ■ ■ ■ , X n ) H> (Xi + 1, \ 2 X 2 , • • • , X n X n ), (4) 

in which 1, A2, • • • , A n G K \ are all eigenvalues of the matrix of / 
repeated according to their multiplicities. The affine operator (j3J) is 
uniquely determined by /, up to permutation of A2, • • • , A n . 

(d) Affine operators on M 2 were classified up to topological conjugacy 
by Ephramowitsch [Sj. In the present paper, we extend this classification 
to affine operators on IR n and C n . In Sections [2] and [31 we classify affine 
operators of the following two types, respectively: 
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Type 1: affine operators that have fixed point and have no eigenvalue being 
a root of 1 . The problem of classifying affine operators with fixed point up 
to topological conjugacy is the problem of classifying all linear operators 
up to topological conjugacy. Indeed, each linear operator x h-> Ax can be 
considered as the affine operator x t— > Ax + with the fixed point x — 0. 
Conversely, if affine operators are considered up to topological conjugacy, 
then each x i— > Ax + b with a fixed point can be replaced by its linear part 
x i — y Ax since by Lemma I2TT1 from Section [2] they are topologically conjugate. 

Kuiper and Robbin [TH [16] obtained a criterion of topological conjugacy 
of linear operators over R without eigenvalues that are roots of 1. In The- 
orem \2.2\ we recall their criterion, extend it to linear operators over C, and 
give a canonical form for topological conjugacy of a linear operator over R 
and C without eigenvalues that are roots of 1. 

For simplicity, we do not consider linear operators with an eigenvalue 
being a root of 1; the problem of topological classification of such operators 
was studied by Kuiper and Robbin [THUS], Cappell and Shaneson [31 IH El El 
[7], Hsiang and Pardon [TU], Madsen and Rothenberg [T3], and Schultz [T7] . 

Type 2: affine operators without fixed point. 

In Theorem 13.11 we prove that each affine operator / over F = C or R 
without fixed point is topologically conjugate to exactly one affine operator 
of the form 

x i y (4© J )x + [1,0,..., 0] T 

or, only if F = R, 

x H> (4 © [ -1 ] © J )x +[1,0,..., 0] T , 

in which k ^ 1 and Jo is a nilpotent Jordan matrix uniquely determined by 
/, up to permutations of blocks (J is absent if / is bijective). 

For each square matrix A over F G {C, R}, there are a nonsingular matrix 
A* and a nilpotent matrix Aq over F such that 

A is similar to A* © Aq, (5) 

We summarize criteria of topological conjugacy of affine operators in the 
following theorem. 

Theorem 1.1. Let f(x) = Ax + b and g(x) = Cx + d be affine operators 
over F = C or R. 



4 



• Suppose that f and g have fixed points. Then f and g are topologi- 
cally conjugate if and only if x i-> Ax and x h-> Cx are topologically 
conjugate. 

• Suppose that f has a fixed point and g has no fixed point. Then f and 
g are not topologically conjugate. 

• Suppose that f and g have no fixed points. 

— IfF = C then f and g are topologically conjugate if and only if Aq 
is similar to Bq. 

— IfW — R then f and g are topologically conjugate if and only if the 
determinants of A* andC* have the same sign (i.e., det(A*C*) > 
0) and Aq is similar to Cq. 



2 Affine operators with fixed point 

In this section, we give a canonical form under topological conjugacy of an 
affine operator f(x) = Ax + b that has a fixed point and whose matrix A has 
no eigenvalue that is a root of unity. 

We may, and will, consider only linear operators since the following lemma 
reduces the problem of classifying affine operators with fixed point to the 
problem of classifying linear operators. 

Lemma 2.1 ([2])- An affine operator f(x) = Ax + b over C or R is topo- 
logically conjugate to its linear part fn n {x) = Ax if and only if f has a fixed 
point. If p is a fixed point of f , then 

/lin = h^fh, h(x) := x + p. 

Proof. If f(p) = p, then Ap + b = p and 

(h^fh^x) = (/r7)(z +p) = h-\A(x +p) + b) 

= h~ 1 (Ax + (p-b) +b) = h~ 1 (Ax +p) = Ax = fn n (x). 

Conversely, if / and fu Q are topologically conjugate, then / and / un have 
the same number of fixed points. Since /n n (0) = 0, / has a fixed point 
too. □ 
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For each A G C, write 



4(A) := 



A 



(n-by-n) . 



1 A 

For each n x n complex matrix A = [a^i + b^i], clm, b^i G R, we write 

-4 = [a fcZ - (6) 

and denote by A R the realification of A; that is, the 2n x 2n real matrix 
obtained from A by replacing each entry a^i + bkii with the block 



an —bki 

bkl Clkl 

Each square matrix A over F G {C, K} is similar to 

A © A i © A 1 © Aioo, 



(7) 



(8) 



in which all eigenvalues A of A (respectively, A 01 , Ax, and A loo ) satisfy the 
condition 

A = (respectively, < |A| < 1, |A| = 1, and |A| > 1). 

Note that A is the same as in fl5]) and A Q1 © Ax © A loo is similar to A* in (jSJ). 

In this section, we prove the following theorem; its part (a) in the case 
F = R was proved by Kuiper and Robbin [HI [16] . 

Theorem 2.2. (a) Let f(x) = Ax and g(x) = Bx be linear operators over 
F = R. or C without eigenvalues that are roots of unity, and let Aq, . . . , Ai^ 
and B , . . . , B 1o o be constructed by A and B as in ([SJ). 



(i) If¥ — M. then f and g are topologically conjugate if and only if 



Aq is similar to Bo, size Aqx 
Ax is similar to Bx, sizeA^ = 



= size-Boi, det(Aoi-Boi) > 0, 
size-Bioo, det(y4i 00 i?i 00 ) > 0. 



(9) 



(ii) If¥ = C then f and g are topologically conjugate if and only if 

A is similar to B , size Aqx = size5oi, 
Ax © Ax is similar to Bx® Bx, size Axoo = size-Bioo. 



(10) 
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(b) Each linear operator over F = R or C without eigenvalues that are 
roots of unity is topologically conjugate to a linear operator whose matrix is a 
direct sum that is uniquely determined up to permutation of summands and 
consists of 

(i) in the case F = R: 

— any number of summands 

J fc (0), [1/2], J k (Xf, [2] (11) 

([1/2] and [2] are the lxl matrices with the entries 1/2 and 2), 
in which X is a complex number of modulus 1 that is determined 
up to replacement by X and that is not a root of unity, 

— at most one lxl summand [—1/2], and 

— at most one lxl summand [—2]; 

(ii) in the case ¥ = C: 

J fc (0), [1/2], J k (X), [2], (12) 

in which X is a complex number of modulus 1 that is determined up to 
replacement by X and that is not a root of unity. 

Proof, (a) The statement (i) was proved by Kuiper and Robbin [UJ[T6]. Let 
us prove (ii). 

The abelian group V = C n with respect to addition can be considered 
both as the n-dimensional vector space Vc over C and as the 2n-dimensional 
vector space Vk over R. Moreover, we can consider Vc as a unitary space 
with the orthonormal basis 

e 1 = [l,0,...,0] T , e 2 = [0,l,...,0] T , e n = [0, 0, . . . , 1] T , (13) 

and 14 as a Euclidean space with the orthonormal basis 

e 1 , iex, e 2 , ie 2 , e n , ie n . (14) 

For each 

v = (a 1 + (3 1 i)e 1 H h (a n + (3 n i)e n e V, a k , (3 k G R, 
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its length in Vc and in Vr is the same: 

\v\ = (a 2 1 + f3 2 1 + --- + a 2 n + f3 2 n ) 1 ^ 2 . 



Thus, 



a mapping h : V — > V is a homeomorphism of Vc if and 
only if /i is a homeomorphism of Vr. 



(15) 



Each linear operator / : Vc — » Vc defines the linear operator / K : Vr — > Vr 
(/ and / K coincide as mappings on the abelian group V). By (JT5J), 

two linear operators /, g : Vc — > Vc are topologically con- 
jugate if and only if f R ,g R : Vr — > Vr are topologically (16) 
conjugate. 

Let /(x) = Ax and #(x) = Bx be linear operators on Vc without eigen- 
values that are roots of unity. Clearly, A and B are their matrices in the 
orthonormal basis ( [13]) . Considering / and g as the linear operators f R and 
g R of Vr, we find that the matrices of / R and g R in the basis (j!4p are the 
realifications A R and B R of A and B (see (J7J)). 

Since 

S^AS = A © Aoi © Ax © A loo 
for some nonsingular S, we have 

/ot\-UIaK _ aR ffi AM. ffi aR ffi aR 
yO J s\ O — S±q Kt> S±Ql tO tO ^loo - 

Analogously, 



B K is similar to Si 



J ^ -^01 a? -°1 tO £> loo - 

By ( fl6|) and the statement (i) of Theorem 12. 2( a). / and g are topologically 
conjugate if and only if f R and g R are topologically conjugate if and only if 



A R is similar to B^, 



1 oi ~~ ° 1ZjC -^01' 

A M is similar to , size A*^ = size Bf^, 



size A R = size B R , det^B*) > 0, 

det(Af ooJ Bf oc ) > 0. 



(17) 



For each complex matrix M, its realification M R is similar to M©M (see 
because 



a + bi 
a — bi 



' 1 f 


-1 


a —6 




' 1 r 




—2 % 




6 a 




— i i 
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Since the Jordan canonical form of A Q is a nilpotent Jordan matrix, A is 
similar to A . Thus, the condition U A^ is similar to -B*" is equivalent to 
the condition u Aq © A is similar to B © £> " is equivalent to the condition 
" Aq is similar to -Bo"- The condition "sizeA^ = sizel?^" is equivalent to 
the condition "sizeAoi = size^oi". The condition "det^j^i?^) > 0" always 
holds since 

det^flft) = det(A 01 S i) R = det(A 01 B 01 ®AA) > 0. 

We consider the remaining 3 conditions in ( TT7l) analogously and get that 
( |T7l) is equivalent to ( TTOT) . which proves the statement (ii). 

(b) This statement follows from (a) and the theorems about Jordan canon- 
ical form and real Jordan canonical form (TTJ Theorems 3.1.11 and 3.4.5] □ 

3 Affine operators without fixed points 

In this section, we prove the following theorem, which gives a criterion of 
topological conjugacy and a canonical form under topological conjugacy for 
affine operators that have no fixed points. 

Theorem 3.1. (a) Let f(x) = Ax + b and g(x) = Cx + d be affine operators 
over F = C or R without fixed points. Let A*, A Q and C*, Cq be constructed 
by A and C as in 

• If¥ = C then f and g are topologically conjugate if and only if Aq is 
similar to Bq. 

• If F = R then f and g are topologically conjugate if and only if the 
determinants of A* and C* have the same sign {i.e., det(A*C*) > 0) 
and A is similar to Cq. 

(b) Each affine operator f over¥ = C orM. without fixed point is topologically 
conjugate to exactly one affine operator of the form 

x^ (J fc © J )x+ [1,0,...,0] T (18) 

or, only if F = 1R, 

x ^ (I k © [-1] © J )x + [1, 0, . . . , 0] T , (19) 

in which k ^ 1 and J is a nilpotent Jordan matrix determined by f uniquely, 
up to permutations of blocks (Jq is absent if f is bijective). 
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We give an affine operator f(x) = Ax + b by the pair (A, b) and write 
f = (A,b). 

For two affine operators / : F m — > ¥ m and g : ¥ n — > F n , define the affine 
operator f ® g : ¥ m+n ¥ m+n by 



(/©<?)( 



X 




~m~ 


y. 


)■■= 


My). 



that is, 

(A, b) © (C, d) = 

F 

We write / ~ g if / and g are topologically conjugate over F. Clearly, 

flf'tmdglg' =► f®glf'®g'. (20) 

3.1 Reduction to the canonical form 

In this section, we sequentially reduce an affine operator y = Ax + b over 
F = C or R without fixed point by transformations of topological conjugacy 
to (HID or (H2J. 

iS^ep i; reduce y = Ax + b to the form 

p r 

0(J mi (l),a,)© 0(J m< (l),aO©(Jo,s)©(£,c), (21) 

i=l i=p+l 

m which J * s ^ e Jordan canonical form of A (see 1 anc? are noi 

eigenvalues of B, each of a 1; . . . ,a p has a nonzero first coordinate, each of 
a p+ i, . . . , a r has the zero first coordinate. 

We make this reduction by transformations of linear conjugacy ([3]) over F. 

Step 2: reduce ( I2T!) to the form 

p r 

0(^(1), o,-)© 0(J m . 1 (l),O)©(J o ,O)ffi( J B,O), (22) 

i=l i=p+l 

in which every ai has a nonzero first coordinate. 



A 




b 


C 


1 


d 
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We make this reduction by using (I2"0l) and the conjugations 



( J m (l), a) I ( J m (l), 0), (J , s) ~ (J , 0), {B, c) I (B, 0), 



(23) 



in which the first coordinate of a is zero. The conjugations (123]) hold by 
Lemma I2TT1 since ( J m (l), a), ( J , s), and (5, c) have fixed points (for example, 
(J m (l), a) has a fixed point, which is a solution of the system J m {l)x + a = x; 
i.e., of the system J m (0)x = —a). 

Note that p ^ 1 since otherwise (122]) is a linear operator with the fixed 
point 0, but / has no fixed point. 



Step 3: reduce 



to the form 



0(^(1), ei) © (C, 0) © (Jo, 0), 



(24) 



i=l 



in which e± = [1,0, . . . , 0} T and C := ©[ =p+1 J mi (X) © B is nonsingular. 
We use the conjugation 

(J m (l),a)~(J m (l), ei ), (25) 

in which the first coordinate of a is nonzero; that is, a is represented in the 
form 

a = b[l,a 2 , . . . ,a n } T , b^0. 
The conjugation (|25j) is linear (see (j3j)); it holds since 



for 



(SJ m (l)S- 1 ,Se 1 ) = (J m (l),a) 

0" 
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1 

a 2 1 

a 3 a 2 1 



S'tep 4 : reduce (|24j) to i/ie /orm 



0(/ mi , ei )©(C,O)©(Jo,O). 



(26) 
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We use the conjugation 

(J m (l), ei )-(/ m , ei ), (27) 

which was constructed by Blanc pQ; he proved that 

ft(J TO (l),ei) = (7 m , e x )ft, 

in which the homeomorphism ft, : F m — > ¥ m is biregular (see (|2|)) and is 
defined by 



ft : (a?!, . . . , x m ) i-» (xi, x 2 + Pi, x 3 + P 2 , . . . , x m + P, 



m— 1 / 



with 



P k := (-1)' 



j /si + z - 1 



and 



¥ ,( y ,_i)( ¥ ,_2)...( ¥ ?-r + l) 



r! 



for each </? G F[xi]. 



S'top 5: reduce ( ]26l) to ifte /orm 

(/i,[i])©(AO)e(J ,o), 

m which D := I © C nonsingular. 
We use the conjugations 



(28) 



0(J mi) ei ) £ [1, . . . , 1] T ) © (/„ 0) I (h, [1]) © (J^!, 0); 



i=i 



the last conjugacy holds since (J 2 , [1, 1] T ) ~ (/ 2 , ei), which follows from 



(J 2 ,ei), £ := 



1 
1 1 



(see ©). 
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Step 6: reduce (1251) to the form ATS]) or (1T91) . In this step we consider 
two cases. 



Case F = R. For e = ±1 and each nonsingular real m x m matrix F 
that has an even number of Jordan blocks of each size for every negative 
eigenvalue, we have the conjugation 



fZg, f:= (h, [1]) © (eF, 0), g := (Ji, [1]) © (el m , 0). 



(29) 



Indeed, g = h fh for the mapping /i : 



Dia+l 



— > 



since 



hg 



h : 



h 



x 



eF x y 



x G 



L m+1 defined by 
y ER m 



x + 1 



x + 1 
£ 2 F x+i y 



f 



X 

eF x y 



fh 



The mapping h is a homeomorphism since 
• h is continuous because the series 



px 



e = I + xG + - — +- + - — +- + ■ 



2! 



3! 



(30) 



has indefinite radius of convergence, where G is a real matrix such that 
F = e G (it exists since by [121 Theorem 6.4.15(c)] for a real M there 
is a real iV such that M = e N if and only if M is nonsingular and 
has an even number of Jordan blocks of each size for every negative 
eigenvalue); 

• the inverse mapping 

h : X h+ JL , xeR, yeR m 
y eF~ x y w 

is continuous too. 
This proves (129|). 

Applying transformations of linear conjugation (j3J) to ([28]) . we reduce Z) 
to the form P© (— Q), in which P is a nonsingular real px p matrix without 
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negative real eigenvalues, and Q is a nonsingular real q x q matrix whose 
eigenvalues are positive real numbers. The affine operator (1281) takes the 
form 

(J 1 ,[l])©(P,0)©(-g,0)©(J ,0); 
by (1201) and (1291) . it is topologically conjugate to 

(h, [1]) © (/„, 0) © (-/„ 0) © (Jo, 0). (31) 
Taking e = 1 and F = — J 2 in (BP]) , we obtain 

(J Xl [l])©(-J ai 0)^(J3 |ei ). 

Applying this conjugation several times, we reduce (131]) to the form (ITS]) or 
(1T9|) . We have proved that each affine operator over K without fixed point is 
topologically conjugate to (ITS]) or (1T91) . 

Case F = C. Let us prove that 

fZg, /:=(/ 1 ,[l])©(/J,0), g:=(h,[l])®(I m ,0), (32) 

in which /J is the nonsingular complex m x m matrix from (|28p . Indeed, 
= fr- 1 /^, where h : C m+1 -»■ C m+1 is defined by 



h : 



X 












y. 



The mapping /i is a homeomorphism since is represented in the form (1301) 
with F := D (the matrix G exists since by [121 Theorem 6.4.15(a)] if M is 
nonsingular then there is a complex iV such that M = e ). 

This proves (1321) . Using it, reduce (1281) to the form (1TB1) . We have proved 
that each affine operator over C without fixed point is topologically conjugate 

to cn 



3.2 Uniqueness of the canonical form 

In this section, we prove the uniqueness of the canonical form defined in 
Theorem 13.1( b) . 

Let / and g be two affine operators of the form (1T81) or (1T9|) ; that is, 
/ = /* © /o, /* = (he), ei) : F" F p , / = ( J , 0) : F n ~ p F"^, 
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and 

g = <?* © g , g* = (I (s) , e x ) : F 9 -> F 9 , <? = ( J , 0) : F n ~ 9 -> F n ~ q , 
in which e, S = ±1, 

1(1):=/, J ( _i) :=/©[-l], 

and Jo and Jq are nilpotent Jordan matrices. Let / and g be topologically 
conjugate. 

For each i = 1,2, ... , the images of f l and g l are the sets 

V- := f F n = F p © 4F n ~ p , Wi := g^ n = F 9 © J^F"" 9 , 

and so they are vector subspaces of F n of dimensions 

dim Vi=p + rank J l , dim Wi = q + rank Jq. (33) 

Since / and g are topologically conjugate, there exists a homeomorphism 
h : F n -> F n such that /i/ = Then 

hf = g% hf i ¥ n = g i h¥ n = g i W ri , hV i = W i . (34) 

By [13] . each two homeomorphic vector spaces have the same dimension; that 
is, the last equality implies 

dim Vi = dimWi, i = 1,2,... 

Fix any odd integer m ^ max(n — p,n — q). Then J™ = J' m = and 

by® 

p = dim V m = dim W m = q. 

Thus, /* = (J( e ),ei) and = (/(,$), ei) are affine bijections V* —¥ V* on 
the same space 

V* := = W m = ¥ p . 

By fl34l) . the restriction of h to V* gives some homeomorphism h* : V* — >■ V* . 
Restricting the equality ft,/ = g/i to V*, we obtain 

/i*/* = <7*/i*. (35) 

Therefore, /* and g* are topologically conjugate. 
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If F = C, then e = 5 = 1. 

Let F = R. For each homeomorphism ip on a Euclidean space, write 
o(f) = 1 or — 1 if it is orientation preserving or reversing. In particular, if (p 
is a nonsingular affine operator (A, b), then 



o(/t*/*) = o(g*h*), o(/t*) o(/*) = o(g*) o(/i*), o(/i*)e = 5o(/i*), 
and so e = 5. 

The nilpotent Jordan matrices Jq and Jq coincide up to permutation of 
blocks since by (13"3"]) the number of their Jordan blocks is equal ton- dim V±, 
the number of their Jordan blocks of size ^ 2 is equal to (n — dimV^) — 
(n — dimVi), the number of their Jordan blocks of size ^ 3 is equal to 
(n — dim V3) — (n — dim V2), and so on. 

Thus, e = 5 and / coincides with g up to permutation of blocks in J 
and Jq. 

3.3 Conclusion 

Let f(x) = Ax + b be an affine operator over F e {C, R}. 

We have showed in Sections 13.11 and I3T21 that / is topologically conjugate 
to exactly one affine operator of the form fll8p or (I19p . which proves the 
statement (b) of Theorem 13.11 

Let A* and Aq be any nonsingular and nilpotent parts of A defined in (jSJ). 
Using the reduction of / to the canonical form described in Section 13.11 we 
find that 

• / reduces to the form (JTSJ) if F = R and det A* > 0, or if F = C. 

• / reduces to the form ([19]) if F = R and det A* < 0, 

and Jq in (ITS]) and fll9p is the Jordan canonical form of A . This proves the 
statement (a) of Theorem 13.11 




1 if det A > 0, 
-1 if det A <0. 



By fl35Tj, 
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Corollary 3.2. An affine operator f(x) = Ax + b over C and K has no fixed 
point if and only if it is linearly conjugate to an affine operator of the form 

g(x) = ( J fc (l) © C)x + d, (36) 

in which d has a nonzero first coordinate. 

Indeed, (I3"6"j) has no fixed point since the first coordinates of g{v) and v 
are distinct for all v. Conversely, if f(x) = Ax + b has no fixed point, then 
it is linearly conjugate to an affine operator of the form (l2Tj) . in which p ^ 1 
by Step 2. 
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